
Int. J. Solids Structures, 1974, 10, pp. 45-59. Pergamon Press. Printed in Gt. Britain.

THE INFLUENCE OF A LIMITING DISLOCATION
FLUX ON THE MECHANICAL RESPONSE OF

POLYCRYSTALLINE METALS

JAMES M. KELLyt

Department of Scientific and Industrial Research, Physics and Engineering Laboratory,
Lower Hutt, New Zealand

and

PETER P. GILLIS

Department of Metallurgical Engineering and Materials Science, University of Kentucky,
Lexington, Kentucky 40506

(Received 18 December 1972; revised 19 June 1973)

Abstract-Certain physical results from the study of dislocation motions lead to the concept of
ideal viscoplasticity. In particular the existence of a limiting dislocation velocity, coupled with
an upper limit on dislocation density, provides an upper bound on the dislocation flux. Thus, the
plastic strain rate in polycrystalline metals must also be bounded in many cases of interest. This
physical situation can be idealized by postulating transition functions from zero to maximum
flux in as simple as possible a manner consistent with the problem under investigation and
the solution features to be examined. A drastic transition function is given here which leads to
multiaxial stress, strain, strain-rate relations of reasonable simplicity and these are illustrated
by application to several example problems. A common feature of the solutions of the examples
treated is that the material response is partly rate dependent and partly rate independent. This
indicates that the corresponding physical situations are characterized by large dislocation
fluxes during part of the time and very small fluxes at other times.

I. INTRODUCTION

The concept of dislocations as the most important mechanism for plastic deformation of
crystalline solids arose as attempts were made to reconcile the low yield strengths observed
in crystalline materials with the high theoretical strengths suggested by Frenkel[l]. The
theory of crystal dislocations at present is still concerned with many pseudo-static problems
such as dislocation models of microcracks and grain boundaries, and theories of work'
hardening. However, an area in which dislocation theory has been particularly fruitful
is the description of rate sensitivity or, more generally, time dependent mechanical behavior
of solids. It is this area that is examined in the present paper. Historically, the major insights
to understanding pseudo-static plastic deformation behavior were provided by the concept
of ideal plasticity. This gross analytical simplification of the complex response of a ductile,
polycrystalline metal, coupled with astute experimentation, has been the most important
factor in the development of our understanding of macroscopic plastic behavior. To provide
a comparable simplification of the complex response of dislocations suggested by various

t On leave from Division of Structural Engineering and Structural Mechanics, University of California,
Berkeley, California 94720, U.S.A.
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theories and many illuminating experiments the concept of ideal viscoplasticity was
proposed[2].

This concept can best be described by analogy with ideal plasticity. The essential physical
facts incorporated into an ideally plastic formulation are that the material response is
partly elastic and partly plastic. The description of the elastic portion is always quite simple,
either Hookean or rigid, while the plastic description is taken to be as simple as is consistent
with the features to be examined in the solution. The essential physical facts incorporated
into an ideally viscoplastic formulation are that the dislocation flux, which determines the
plastic deformation rate, is (approximately) zero at sufficiently low loads and is bounded
above even for very high loads. The upper bound on dislocation flux derives from the two
conditions that dislocation density ultimately reaches a saturation value and that dislocation
velocity can not exceed the shear wave velocity in the material. Under most test conditions
velocity tends to change much more rapidly than density and so it is usually the velocity
limitation that is most important physically. An ideally viscoplastic description of these
facts postulates a dislocation flux, and, hence, a plastic strain rate, having a transition from
zero to a limiting value. As in ideal plasticity, the transition relation is taken to be as simple
as is consistent with the features to be examined in the solution.

In the original paper[2] the examples used to illustrate the concept of ideal viscoplasticity
were extremely simple and were motivated by arguments based mainly on dislocation
theory. In the present paper a three-dimensional formulation is presented based mainly
on analogy with ideal plasticity and examples are given in which the theory is applied to
multiaxial stress problems and to one problem of wave propagation.

The procedure here is open to the immediate criticism that strain rates corresponding to
the maximum possible dislocation flux seldom occur in real materials. This is again analogous
to the criticism of a perfectly plastic idealization of material behavior. In the latter case the
selection of a value for the yield stress must be governed by the strain rates expected in a
particular problem, for the results of calculations to have quantitative significance. This
point is discussed further in section 6.

2. lDEAL PLASTICITY

The constitutive equations of the classical theory of plasticity can be motivated in their
development in a number of alternative ways. It is usual to lay emphasis on the existence
of a yield function, of a flow potential and on the postulate that the model be rate inde
pendent. It is also possible to develop these equations by considering them to be the limit
of a set of viscoplastic material models. This is done in, for example, the basic text by
Prager[3] where the stress-strain relations of the von Mises material are derived from those
of the Bingham material. A further approach is to obtain a plasticity relationship from a
family of creep laws in which the inelastic shear strain rate yP is related to the applied shear
stress 1 through the equation

(2.1)

where p, a characteristic time, 10' a characteristic stress and n, are material constants. For
various values of n this equation gives a family of creep laws which tend with increasing n
to the rate independent, perfectly plastic material.

Multiaxial versions of this model are possible and an example defining the response of an
isotropic material for which the creep is isochoric and independent of pressure relates the
deviatoric strain rate eij to the deviatoric stress sij by the equation
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eij = si)2G + (1/2{3)[(-!-SkISkl)1/2/ro]n[SijMspqspq)1/2] (2.2)

where {3, ro and n are as before and G is the shear modulus of the material.
In the limit as n --+ OCJ this model predicts

. . /2G {O;
eij = sij + 1 .. '

AS,},
(2.3)

where Ais an indeterminate constant which serves as a factor of proportionality. When G
is finite this is the Prandtl-Reuss model and when G --+ OCJ the Huber-Mises model.

3. DISLOCAnON THEORY

A material model of the foregoing kind has a counterpart in the physical theory of mate
rials. A basic equation relating the macroscopic plastic flow to the internal structure of
a material[4] is

V=bNv (3.1)

where yP is as before, the Burgers vector b is a characteristic length, N is the dislocation
density in length of line per unit volume and v is the velocity of dislocation motion. In a
seminal paper Johnston and Gilman[5] reported experimental measurements of dislocation
velocities which demonstrated that the velocities were mainly dependent on stress level.
They found that the phenomenon could be accurately represented by the formula

v = vo(r/tot (3.2)

where Vo is the velocity corresponding to a stress ro in the material. For the material on
which their experiments were carried out, namely LiF, the value of n was 16. Many other
materials have been examined in the same way and the values of the exponents for these
materials are given in Table 1 taken from Hall [6]. It is clear that for a large number of

Table I. Stress exponent for dislocation velocity (Values at
room temperature)

Crystal class

b.c.

f.c.c.

Cubic

h.c.p.

Material

Fe (high purity)
Fe (0,05% C)
Fe-Si
Fe-Si
Fe-Si
Fe-Si
Cr
Nb
Mo
W
NiAl
Cu
Pb
Al
Ni
LiF
NaCl
Zn

Stress exponent

5-6
15
20
35--40
44

~60

5-9
7-18
6·4
4·8

~40

0·7
1·0
1·0
16
16-25
0·8
1·0

Adapted from Hall[5].
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Fig. I. An abrupt transition of dislocation velocity with stress derived from the relation
(vlv.) = exp{ -(ToIT)"} in the limit as n grows increasingly large.

metals the exponent n is large which explains the success of the classical theory of plasticity
in predicting rate independent behavior in metals.

The above formula predicts that as the stress increases the velocity increases without limit.
However there are theoretical reasons,[4], to believe that the dislocation velocity is bounded
above by the speed of shear waves in the material. Reflecting this idea a velocity function was
proposed by Gilman[7] of the form

v = Vs exp{ -'ojr;} (3.3)

where Vs is the limiting dislocation velocity. A modification of this equation which cor
responds with the family of models of equation (3.2) is

v = Vs exp{ -(r;oM"}.

As shown in Fig. I the limit of (3.4) as n -Jo 00 is a velocity, stress relation of the form

(3.4)

v =0;

O<v<vs ;

v = Vs;

,< '0
,= '0
,> '0'

(3.5)

(4.1)

(4.2)

Equation (3.5) emphasize the fact that bNvs is an upper bound to the plastic shear strain rate.

4. IDEAL VISCOPLASTlCITY

A simple multiaxial constitutive equation relating deviatoric stress and strain and cor
responding to the foregoing uniaxial model is

eij = su/2G + (Ij2Jf)exp{ -[r;ojctskISkf)1/2]n}su/G,spqSpq)I/2.

Where (I1{3) is now identified with bNvs ' In the limit as n-+ 00 this predicts

(

0',
eij = su/2G + ASij;

si)(2{3(-}Skf Ski)! /2];



The influence of a limiting dislocation flux on the mechanical response of polycrystalline metals 49

where, as before, Ais a factor of proportionality. The effect of the limiting dislocation velocity
coupled with the notion of an ideal material is to produce a material which is rate in
dependent for certain rates of loading and rate dependent when the rate is high enough to
produce stresses above a particular level. If we define an equivalent plastic shear strain
rate through

(4.3)

then IJ{3 is the upper bound to this strain rate.

5. EXAMpLES

The concept of ideally viscoplastic material response is illustrated here by application of
(4.2) to three examples which correspond to not infrequently encountered test situations.
Bear in mind that (4.2) represents a particular postulate and that other idealizations of
greater or less complexity could be taken according to the requirements of a given analysis.
An important feature of the results obtained here is that the material response is rate sensitive
during only a part of the time it is under load, namely those times for which the stress state
exceeds the critical value prescribed by (4.2).

(i) Constant strain

Consider that a constant deviatoric strain, eij = ei/' is imposed for t ~ 0, for a material
unstressed and unstrained for t < 0, such that

2G( 1 * *)1/2 >Zeij eij '0.
The appropriate equation for t in the neighborhood of t = 0 is

su/2G + sijJ[2{3GSkISkl)1/2] = 0

with the initial condition sij(O) = Si/ = 2Geij*. The solution of this equation is

sij(t)J2G = [Gsp/Sp/)1/2J2G - tJ2{3)]Si/JGSkl*Skl*)1/2

valid for

(5.1.1 )

(5.1.2)

(5.1.3)

tJ2{3::; [(tsij*Sij*)1/2 - '0)J2G (5.1.4)

and for tJ2{3 greater than this, no further relaxation of stress takes place. This response is
indicated in Fig. 2 where the linear decay with time of the stress invariant (tSk·Skl)I/2 is
shown for three different initial stress levels. As shown above, each individual stress com
ponent decreases similarly but from the individual initial levels to individual steady-state
values proportional to their initial levels.

(ii) Tension-Torsion

To further illustrate the dual nature of this material model let us consider the case of a
thin walled tube loaded in simultaneous tension and torsion. The tension stress and strain
we will denote by (J and e and the torsional stress and strain by , and y. For an incompres
sible material, assumed here for simplicity, the appropriate equations are

IJSS Vol. 10 No.1· D

«(J2J3 + ,2) < '/
«(J2J3 + ,2) ='02
«(J2J3 + ,2) > '02

(5.2.1)
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Fig. 2. Solution to the problem of instantaneous strains imposed at time zero and held fixed,
based on the ideal yiscoplastic material specified in text.

((J2/3 + r 2
) < r0 2

((J2/3 + r 2
) = r02

((J2/3 + r 2
) > r/

(5.2.2)

and the proportionality factor A where applicable is given by

A =((J6 + ry)/2ro
2

. (5.2.3)

For the purpose of this illustrative example we take the tube to be in tension at the yield
point at t = 0 and for t > 0 to be twisted at a specified rate with the extension held fixed.
Thus

and

(J(O) = J3ro,

r(O) = 0,

6(0) j(3) r o/30

'1(0) = 0
(5.2.4)

6 =0, y=a/p;a>1 for 1>0. (5.2.5)

The corresponding problem for the incompressible Prandtl-Reuss material has been given
in considerable detail by Prager and Hodge[8] and it will be our purpose here to give a
comparison result which occurs when a limiting velocity is imposed to dislocation motion
and consequently to the plastic strain rates.

At this stage it is convenient to introduce the dimensionless variables

x =u/j3ro,

e=j3eO/ro,

y = r/ro

g = yG/ro
(5.2.6)
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and s = (x2 + y2)1/2. A characteristic time te = {3rolG may be identified and in what follows
primes will imply differentiation with respect to the dimensionless time T = tIle' In terms
of these variables (5.2.1), (5.2.2) and (5.2.3) take the form

(

0'
e' = x' + (;e' + yg')x;

xis;

(

0;
g' = y' + (xe' + yg')y;

yjs;

2 = (xe' + yg')/2{3ro

s < I
s = 1
s>l

S < 1
s = 1
s> I

(5.2.7)

(5.2.8)

(5.2.9)

(5.2.10)

and the specifications of the problem are g' = IX, e' =°with x(o) = I, yeO) = 0, e(O) = 1,
and g(O) = 0. If, since y> liP, we assume that the material is in the rate dependent regime
(i.e. s> 1) for T near T = 0 then (5.2.7) and (5.2.8) take the form

x' + xis =0

y' + yls = a

which lead to

SS' + s = IXY. (5.2.II)

(5.2.12)

(5.2.13)

At T = 0, s = I, y = 0 and it follows that S'(O) = - I requiring that s < 1 for T> 0 and thus
contradicting the assumption that the rate dependent equations apply. If we consider the
response to be elastic (s < I) we have s = (I + a2T2)1/2 contradicting this assumption. The
rate independent equations when applied to this situation take the form

x' + xya =0

y' + y2a =a

the solution of which with x(O) = 1, yeO) =°is

y = tanhg

x = l/coshg.

This solution will apply up to the time at which the equivalent plastic shear strain rate
2J(ie;/'ei/) achieves the value of liP.

For the Prandtl-Reuss equations in the general case we have e;/ = 2sij , 2 = sij eijl2ro2

from which it follows that

(5.2.14)
and

(5.2.15)

In combined tension and torsion this takes form (ue + ry)/,o and in the present case this is
rNro, which in dimensionless form is ay. Thus the character of the deformation will change
when y = I/a, i.e. when 9 = g* given by

g* = t In[(a + 1)/(a - 1)].

The time at which this occurs is T* = g*la.

(5.2.16)
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For T> T* the rate dependent equations apply subject to the conditions at s = I : x* =
(a2 - 1)1/2/a, y* = I/a. After differentiation and some manipulation, y can be eliminated
from equation (5.2.11) to give an equation for s in the form

(ss')' + 2s' = a2
- 1. (5.2.17)

From (5.2.11) the condition on s' at T = T* is s'(T*) = O. On integration of (5.2.17) with
this initial condition we obtain

ss' + 2s = (a l
- 1)( T - T*) + 2. (5.2.18)

We have not been able to obtain a closed form solution for this equation although it is
easily integrated numerically for any particular value of a. When seT) has been obtained
x(T) is then computed by constructing numerically

T

u(T - T*) = f (l/s) dt
T'

(5.2.19)

from which

x(T - T*) = x*e -u(T-TO); T>T*. (5.2.20)

Solutions obtained in this manner for various values of a are shown in Fig. 3.
Since the example is illustrative the general trend of the results is more useful than the

details and an approximate solution which has the correct initial and asymptotic behavior is

s ~ I + reT - T*) (5.2.21)
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Fig. 3. Solution to the problem of a tube initially stretched to yield in tension and then twisted
at a constant rate. (a) Axial and shear stress parameters vs rotation for various twisting rates.

(b) Shear stress parameter vs axial stress parameter for various twisting rates.
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where r, by substitution into (5.2.18) and comparison of terms in (T - T*), is given by

r=(1.-1 (5.2.22)

from which

x;:::: x*/[I + reT - T*)]l/r (5.2.23)

and

y;:::: I + reT - T*). (5.2.24)

The interesting implications of this solution are these. In the x - y plane (Fig. 3b),
the solution point moves around the circle and then leaves it tending asymptotically to the
y-axis. With reference to the approximate equations and to Fig. 3(a), the solution for x(T) is
similar to that for the Prandtl-Reuss material but tends less rapidly to zero; that for yeT)
is quite different tending to the line g((1. - 1)/(1.. For large values of (1. we have y ;:::: 9 and
x ;:::: I corresponding to an elastic solution. It is also interesting to note that there is no
range of IX for which the solution is entirely viscoplastic; the Prandtl-Reuss equations
apply for a finite initial time for all finite values of IX. When they do not, the solution is
entirely elastic.

(iii) Shock loading

Although these previous examples lead to some insight as to the deformation produced
when the limiting velocity is achieved they are somewhat in the nature of mathematical
exercises due to the neglect of inertia terms. As an example of the influence of the limiting
velocity in a situation where inertia terms can be included and the problem remains simple
enough to allow an elementary solution we will consider the case of a one-dimensional
plane wave through a material represented by the model of equation (4.2) and in particular
illustrate the effect by computing the shape and thickness of a wave propagating without
change of shape.

The study of the plastic shock wave has been given in much detail by several authors, for
example, Rice, McQueen and Walsh[9] or Duvall[IO]. The wave referred to as the plastic
shock is the second component in the double wave structure which exists for most metals
for impact pressures below a certain maximum. The first wave of this double wave is usually
referred to as the elastic precursor and has the velocity of sound waves in the material.
The velocity of the plastic shock increases with pressure and at pressures, at and above,
that at which the velocity is equal to the precursor velocity only a single wave exists.

On the basis of a rate independent model for the plastic response, the plastic shock is a
true shock in the sense of being a discontinuity in pressure and particle velocity. When a
viscoplastic model is used, as was done for example by Kelly and Gillis[II], or Kelly[12],
the plastic wave develops a structure and is not a true shock in the above sense although it is
convenient to retain the term, and to use the term shock structure to describe the transition
region of the wave from the initial level of pressure to the final level. For the viscoplastic as
for the plastic model the elastic precursor is present when the pressure is below a certain
level. When the pressure is such that the plastic wave speed is equal to or above the elastic
wave speed a single structured wave initiating with a true shock is produced.

For the typical experimental configuration used to study shock propagation through
solids, the assumption that the shock is propagating without change of shape, i.e. a steady
state wave exists, is essentially a computational convenience. Nevertheless, it yields a fairly
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large amount of useful information. For example, this procedure has been used previously
by Johnson and Barker[I3] to successfully compare with experimental shock profiles in
6061-T6 aluminum. It has also been used previously by us[lI, 14].

In order that a steady-state structured shock exists it is necessary that the material model
includes some strain rate sensitivity and that it includes some non-linearity in the relation
ship between pressure and density. It is essential then to supplement equation (4.2) by an
equation relating the pressure p and density p which, since we will confine attention to com
pressional waves, will be concave upwards in the p, P plane, i.e. dpldp > 0, d2pldp2 ;;::: 0,
P ;;::: Po where Po is the initial density.

For the purpose of this analysis we will take the material coordinate axis Xl to be directed
normal to the wave front and in the direction of propagation. The strain tensor eij reduces
to ell = e and eij = 0 otherwise; and e is related to the density through

e = Polp - I.

Also we take 0-11 = 0-, o-kk = -3p, and denote Xl simply by X.
The pressure density relationship will be taken in the form

p = -Ke + fee)

(5.3.1)

(5.3.2)

where K is the elastic bulk modulus and fee) is such that f(O) = 0, 1'(0) = O,f'(e) sO for
s < 0, and f"(e) > 0 for e < 0, where primes denote derivatives with respect to e. In this
case equation (4.2) reduces to

2el3 = (0- + p)/2G;

0< 12el3 - (0- + p)/2Gj < (I1)3 fJ);

2el3 = (0- + p)/2G + (I1)3 fJ)sgn(o- + p);

10- + pi < To

jo-+pl=To

10- +pi> TO

(5.3.3)

(5.3.4)

where sgn denotes the signum function.
As noted above we direct our attention here to the two wave structure. The plastic wave

is moving in the positive direction without change of shape with Lagrangean velocity V
with respect to the undeformed material configuration X. The velocity V is bounded above
by the elastic wave speed [(K + 4GI3)fPo]1/2 and below by the velocity [KIPoF /2 • All quantities
such as stress o-(X, I), pressure p(X, t) and strain e(X, t) are functions of the time-like
variable t = XIV - t. The wave is imagined to have been produced by an impressed stress
0-* or strain e* at 1--+ - 00.

Either 0-* or e* is assumed to be large enough to exceed the elastic limit thus producing
an elastic precursor but small enough that the plastic wave velocity is less than the velocity
of the precursor. The field is thus the entire real line. The conditions as t --+ 00 are those
behind the precursor, namely, the stress o-y, strain ey and pressure Py given by

o-y = -(I + 3KI4G)To

ey = -(3/4G)To

Py = (3KI4G)To

these results being derived from the elastic equations neglecting f(sy) in comparison with
- Key. Similarly since the strain rate tends to zero as 1 = - 00 the conditions there can be
obtained by setting

o-+p (5.3.5)
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If we suppose that e e* is specified, then as i ~ - 00

p ~ p* = -Ke* + f(e*)

u ~ u* = -(to + p*).

Conservation of mass and conservation of momentum[l2] lead to the following relation
between stress and density at any two points 11 and l z

In particular if we take 11 --+ 00 and lz as any finite 1 this becomes

u - uy = Po yZ(e - ey)

from which the velocity Y is given in terms of e* by

(5.3.7)

(5.3.8)

(5.3.9)

From this equation it is clear that Y is bounded below by (KjpO)I/ Z
•

The deviatoric equations (5.3.3) can be written in terms of Ion noting that the meaning
of (-) is o( )jot;r;;const which equals -d( )jd1, and that in compression (u + p) < 0. Thus
to compute the wave profile for e(l) we use

(

0'
(4Gj3)(dejdl) =d(o- + p)jd1 + i~determinate;

2Gj}3 {3;

-(U+p)<TO
(0' + p) = 'to

-(O' + p) > 'to

(5.3.10)

with 0' related to e through equation (5.3.8) and p to e through (5.3.2).
The solution is in three parts. For a region of the real line which (since the origin 1 = °

is arbitrary) we may take to be °< l < 00 the solution is the uniform state u = O'y, e = ey,
p = Py. For 1 < °integration of equation (5.3.10) gives

(4Gj3)(e - ey) = (0- - Uy) + (p - Py) + (2Gtj}3 {3)

The profile e{l) is thus given by the solution of

(K + 4Gj3 - Po VZ)(e - ey) - f(e) +f{ey) = 2Gtj}3 {3

(5.3.11)

(5.3.12)

which can be solved readily for any selected functionf(e). This solution applies for values
of 1> 1* where 1* is given by 0- + P = - To, i.e. for e = e*, beyond which a uniform solution
applies, viz. e=e*, a =0'*, P=P*, for 1<1*. Noting that O'y+Py=-To and that
0'* + p* = - 'to equation (5.3.11) gives as the value of 1*

1* = (2}3 {3j3)(e* - ey). (5.3.l3)

When PoYz = K + 4Gj3 the solution for 0< 1 < 00 is e = 0; for 1 = 0, e = ey; for t* < t < 0,
e{t) is given by equation (5.3.12) as before and t* by equation (5.3.13).

Cases where the pressure exceeds this can be treated in a similar way. However, the stress
at the wave front will depend on the form of pressure volume relation selected. Moreover,
in a real material, the pressures for which this would occur, are such that the neglect of
thermal effects, in particular the influence of temperature on the dislocation motion, would
be unacceptable.
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In Fig. 4 are shown several wave profiles calculated on the basis of equation (5.3.12)
using the parameters 3KI4G = 2 and 3To/4G = 0·005 which correspond approximately to the
aluminum tests reported by Johnson and Barker[13]. For these examples the functionf(e)
was taken to be 3Ke2/2. Results are plotted in the non-dimensionalized form -<5/ro vs liP
for several impact intensities, specified by the plastic wave speed parameter Po V 2IK. Figure 4
indicates a substantial disparity between the calculations and observed dependences of wave
thickness on shock intensity. The experimental observation that shock thickness decreases
with increasing impact intensity is clearly opposite to the trend of the calculations.

An important feature in the development of a steady wave profile is the competing effects
of material nonlinearity in its pressure, volume relation and dissipative effects, in this case
the viscoplasticity. Examination of the former with regard to possible selection of a more
suitable functionf(e) was fruitless. It can easily be shown that no pressure-volume relation
satisfying the prescribed conditions can significantly alter the results shown in Fig. 4.

Thus we look to the viscoplastic relation to attempt to improve the computed results.
Previous calculations of shock thicknesses based upon more complex dislocation models[ll]
showed a clear decrease of thickness with increasing shock pressure. Hence, it appears that
the simplifications incorporated in equation (4.2) have eliminated an aspect of material
behavior of some significance to the present problem. The main experimental observations
relating to dislocation flux omitted from (4.2) are the increase of dislocation density with
increasing deformation and a definite range of stress over which the dislocation velocity
undergoes the transition from near zero to near maximum. Effects of a transition stress range
were investigated for some simple problems in our initial paper[2] on ideal viscoplasticity.
In a later paper[15] effects of dislocation multiplication were used to describe the upper yield
point phenomenon.

Each of these effects was incorporated separately into the foregoing plastic wave equations
to see whether calculated results could be made to exhibit a decreasing shock thickness with
impact intensity. Dislocation multiplication was assumed to increase the available dislo
cations (hence the plastic rate) in direct proportion to the accumulated plastic strain. The
corresponding form of equation (5.3.10) is not directly integrable as in the simple case
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Fig. 4. Calculated stress profiles for three steady-state waves. Basis of calculation is specified in
text; constants used approximate those appropriate for 6061-T6 aluminum.
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Fig. 5. Stress profiles for three steady-state waves calculated by numerical integration of a
plastic strain rate relation incorporating a transition stress range as described in text.

considered initially. However, numerical solutions are easily obtained using a computer as
the equation is only first order. Various ratios of initial dislocation density to multiplication
coefficient were used but all results continued to show an increase of shock thickness with
intensity. Thus, we conclude that dislocation multiplication is not a crucial aspect of material
behavior in the present situation. The main effect of multiplication seems to be a change in
scale of the normalized time, 1/fJ. Increasing the number of dislocations decreases the effective
average relaxation time in comparison to f3 which is fixed. The time for transmission of the
wave profile then becomes reduced by approximately the same factor as the dislocation
density is increased.

A transition stress range was investigated next. We assumed a linear increase in plastic
strain rate from zero at I(J + pi = '0 to the prescribed maximum value at I(J +pi = '1 > '0 .
Again, the resulting form replacing equation (5.3.10) does not yield a closed form solution
but can be integrated numerically with relative ease. This feature seems to provide the
desired results: a decrease of shock thickness with impact intensity. Figure 5 shows results
calculated using the previously specified values as for Fig. 4 and taking '1 = 2'0 as defining
the transition stress range. Here the gradual increase of plastic strain rate with stress reduces
the average relaxation time in comparison with the fixed parameter f3 and increases the norm
alized time for transmission of the wave profile.

Examination of the numerical results underlying Fig. 5 shows that plastic relaxation
proceeds at rates substantially lower than the maximum. In other words, the driving stress
does not reach a magnitude Of'l for the range of impact intensities studied here. In relation
to the simple material model of equation (5.3.10) the implication is that most of the action
should be made to occur at the point currently labeled" indeterminate," viz. I(J + p I = '0'
if any further attempt is made to improve the correspondence of this model to reality.

6. CONCLUDING REMARKS

The concept of ideally viscoplastic crystalline solids arises from two physical features
of dislocation motion which fix an upper bound on the plastic strain rate. These are a satur
ation value for dislocation density, and a limiting value for dislocation velocity. Combined,
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these place an upper limit on dislocation flux and, therefore, on rate of plastic deformation if
caused mainly by dislocation motion, as is the usual case for polycrystalline metals. The
idealization of this flux upper bound consists is postulating a simple transition function
from' zero flux to the maximum. This selection of a function, its variables and parameters
can be guided by experimental results from dislocation observations and the character of
the problem under investigation.

At its present stage of development the theory of ideally viscoplastic materials has only
limited usefulness. In ordinary metals at ordinary strain rates the limiting value of dislocation
flux is not achieved. Thus, the actual maximum flux, or plastic strain rate, must be interjected
as a known parameter into theoretical solutions for them to have practical significance.
Alternatively, a more complex transition function may increase the applicability of the theory
to situations of practical importance. Meanwhile, we have shown here an interesting limit
ing case, of academic interest, but useful in giving some insight into material behavior
and what factors influence it.

One important suggestion in applications of the concept of ideal viscoplasticity is that
some dislocation parameters seem to have little effect on certain aspects of mechanical
response unless they are changed by several orders of magnitude. Hence their accurate
functional representation is probably unimportant in examining those aspects of the response.

In this spirit we postulated an extremely simple transition function, an abrupt change
from zero to maximum flux at a critical stress. This was easily formulated into a three
dimensional stress, strain, strain rate relation which was illustrated by application to three
example situations. Exact closed-form solutions were found in two of these cases and a very
good approximate solution in the other. We believe that the substantial utility of c1osed
form solutions, even when they are known to be of an approximate nature, indicates a
great potential usefulness for such idealizations.

The physical feature mainly emphasized by our choice of transition function and examples
is the effect of a limiting dislocation velocity. The mathematical results obtained indicate that
a dual response ensues. The material behavior was rate sensitive during only a portion of each
problem examined. On this basis we expect a real material to be significantly rate sensitive
during corresponding portions of real physical investigations and approximately rate
insensitive otherwise.
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A6cTpaKT-HeKoTophle <pH3HqeCKHe pe3YJlhTaThI, B03HHKllJHe H3 HCCJle)J.OBaHHlI )J.BHJKeHHH
)J.HCJlOKaUHH, I1pHBO)J.lIT K I10HlITHlO n)J.eaJlhHOH B1I3KOIlJlaCTHqHOCTH. B qaCTHOCTH, CYllJecTBO
BaHne OrpaHHqeHHOH CKOpOCTH )J.HCJlOKaUHH, COIlpllJKeHHOH c BepXHbIM I1pe)J.eJlOM I1J10THOCTH
)J.HCJlOKaUHH, OIlpe)J.eJllleT BepxHylO rpaHHUY I10TOKa )J.IICJlOKaUHH. TaKHM o6pa30M, BO MHornx
HHTepeCHbIX CJlyqallX, CKOpOCTb I1J1aCTllqeCKOH )J.e<p0pMaUHII B I10JlIIKpIICTaJlJlllqeCKHX MaTe
pHaJlaX )J.OJlJKHa TaKJKe 6bITh orpaHHqeHa. MOJKHO n)J.eaJlll3l1pOBaTh :no <p1I3HqeCKOe COCTO
lIHHe, I1yTeM nocTyJlllpoBaHlIlI 4JyHKUHH HapaCTaHHlI OT HyJlll )J.O MaKCnMaJlhHOrO 3HaqeHHlI
nOTOKa, KaK :no MOJKHO HeCJlOJKHbIM cIIoco6oM, COrJlaCalOllJHMClI CHCCJle)J.oBaHHoH 3a)J.aQeH H,
)J.aJIee, paCCMaTpHBaTh oco6eHHocTII pellJeHHlI. )J,aeTclI, 3)J.eCh, npOCTali 4JyHKUHlI HapaCTaHHlI,
KOTopali I1pHBO)J.HT K YMepeHHoH I1POCTOTbI 3aBllCHMOCTliM MHorOOCHbIX HanpllJKeHHH, )J.e4Jop
MauHH H CKOpOCTH )J.e4JopMaUHII. 3TH 3aBIICHMOCTH HJlJllOCTPHPYlOTCli I1pHMeHeHHeM K
OT)J.eJlhHhIM I1pHMepHbIM 3a)J.aQaM. 06llJHM npH3HaKOM pellJeHIIH HCCJle)J.OBaHHhIX I1pHMepOB
lIBJllIeTCli <paKT, QTO I10Be)J.eHHe MaTepllaJla QaCTIIQHO 3aBHCHT OT CKOpOCTH n QaCTH~O He
3aBHCHT. 3TO 03HaQaeT, QTO cooTBeTcTBylOllJlle 4JH3HQeCKHe COCTOllHHlI H306paJKeHbI HaJlH
QneM 60JlhllJHX nOTOKOB )J.HCJlOKaUHH B HeKOTopbIH MOMeHT BpeMeHH H OQeHh MaJIbIX I10TOKOB
)J.JllI )J.pyrnx I1epHo)J.oB BpeMeHH.


